Abstract. The present work continues the study of the stability of the functional equations of the type f (pr, qs) + f (ps, qr) = f (p, q) f (r, s) namely (i) f (pr, qs)+f (ps, qr) = g(p, q) g(r, s), and (ii) f (pr, qs)+f (ps, qr) = g(p, q) h(r, s) for all p, q, r, s ∈ G, where G is an abelian group. These functional equations arise in the characterization of symmetrically compositive sumform distance measures.
Introduction
Let G be an abelian group. Let I denote the open unit interval (0, 1). Let R and C denote the set of real and complex numbers, respectively. Further, let Γ o n = P = (p 1 , p 2 , ..., p n ) 0 < p k < 1,
denote the set of all n-ary discrete complete probability distributions (without zero probabilities), that is Γ o n is the class of discrete distributions on a finite set Ω of cardinality n with n ≥ 2. Over the years, many distance measures between discrete probability distributions have been proposed. Hellinger coeeficient, Jeffreys distance, Chernoff coefficient, directed divergence, and its symmetrization J-divergence are examples of such measures (see [1] and [8] ).
Almost all similarity, affinity or distance measures µ n : Γ o n ×Γ o n → R + that have been proposed between two discrete probability distributions can be represented in the sum form µ n (P, Q) = n k=1 φ(p k , q k ), (1.1) where φ : I × I → R is a real-valued function on unit square, or a monotonic transformation of the right side of (1.1), that is
where ψ : R → R + is an increasing function on R. The function φ is called a generating function. It is also referred to as the kernel of µ n (P, Q).
In information theory, for P and Q in Γ o n , the symmetric divergence of degree α is defined as
It is easy to see that J n,α (P, Q) is symmetric. That is J n,α (P, Q) = J n,α (Q, P ) for all P, Q ∈ Γ o n . Moreover it satisfies the composition law J nm,α (P * R, Q * S) + J nm,α (P * S, Q * R)
for all P, Q ∈ Γ o n and R, S ∈ Γ o m where λ = 2 α−1 − 1 and
In view of this, symmetrically compositive statistical distance measures are defined as follows. A sequence of symmetric measures {µ n } is said to be symmetrically compositive if for some λ ∈ R,
Chung, Kannappan, Ng and Sahoo [1] characterized symmetrically compositive sumform distance measures with a measurable generating function. The following functional equation
holding for all p, q, r, s ∈ I was instrumental in the characterization of symmetrically compositive sumform distance measures. They proved the following theorem giving the general solution of this functional equation (F E).
for all p, q, r, s ∈ I. Then
where M 1 , M 2 : R → C are multiplicative functions. Further, either M 1 and M 2 are both real or M 2 is the complex conjugate of M 1 . The converse is also true.
The stability of the functional equation (F E) and two generalizations of (F E) namely,
for all p, q, r, s ∈ G, were studied in [5] . In this paper, we study the stability of two more generalizations of (F E), namely
for all p, q, r, s ∈ G. For other functional equations similar to (F E), the interested reader should refer to [3] , [4] , [6] and [7] . For an account on stability of functional equations, the book [2] is an excellent source for reference.
Stability of functional equation (F E gg )
The following theorem states that an approximate equation of (F E gg ) with the boundedness of
and |f (p, q) − g(p, q)| ≤ M, and |f (p, q) − f (q, p)| ≤ M for all p, q ∈ G and some constants M, M . Then either g is bounded or g satisfy the equation (F E), that is g(pr, qs) + g(ps, qr) = g(p, q)g(r, s).
Proof. Let g be an unbounded solution of the inequality (2.1). Then we can choose a sequence
Letting r = x n and s = y n in (2.1), we have
Taking the limit of the both sides of (2.2) as n → ∞, we obtain
Next, letting r = rx n and s = sy n in (2.1), we have
Further, letting r = sx n and s = ry n in (2.1), we have
Thus from (2.3), (2.4), (2.5), boundedness by M, M , and 0 = |g(x n , y n )| → ∞, we obtain g(pr, qs) + g(ps, qr)
The proof of the theorem is now complete. Theorem 2.2. Let f, g : G 2 → R and φ : G 2 → R be a nonzero function satisfying |f (pr, qs) + f (ps, qr) − g(p, q)g(r, s)| ≤ φ(r, s) ∀ p, q, r, s ∈ G.
(2.6) Then g is bounded or g satisfies the equation (F E) for all p, q, r, s ∈ G if and only if |f (p, q) − g(p, q)| ≤ M for all p, q ∈ G and some nonnegative constant M .
Proof. Suppose g is unbounded. We would like to show that g satisfies (F E) for all p, q, r, s ∈ G if and only if |f (p, q) − g(p, q)| ≤ M for all p, q ∈ R and for some M ≥ 0.
Since g is unbounded, because of (2.6), f must be unbounded. Now we prove that the if part of the proof. Suppose g satisfies (F E) for all p, q, r, s ∈ G. Letting p = q = r = s = 1 in (F E), we see that that g(1, 1) = 0 or g(1, 1) = 2. We claim that g(1, 1) = 2. Suppose not. Then g(1, 1) = 0. Taking r = s = 1 in (2.6), we obtain
that is f is bounded contrary to the fact that f is unbounded. Hence g(1, 1) = 2 and therefore
Next, let us prove the only if part. Since g is the unbounded solution of the inequality (2.6), therefore, there exists a sequence {(x n , y n ) | n ∈ N} in R 2 such that 0 = |g(x n , y n ) | → ∞ as n → ∞.
Letting p = x n and q = y n in (2.6), we have |f (x n r, y n s) + f (x n s, y n r) − g(x n , y n )g(r, s)| ≤ φ(r, s).
Taking the limit as n → ∞, we obtain that g(r, s) = lim n→∞ f (x n r, y n s) + f (x n s, y n r) g(x n , y n ) (2.7)
Letting p = x n p and q = y n q in (2.6), we have |f (x n pr, y n qs) + f (x n ps, y n qr) − g(x n p, y n q)g(r, s)| ≤ φ(r, s) which is f (x n pr, y n qs) + f (x n ps, y n qr)
Letting p = x n q and q = y n p in (2.6), dividing g(x n , y n ), passing to the limit as n → ∞, we have f (x n qr, y n ps) + f (x n qs, y n pr)
Thus from (2.7), (2.8), (2.9), boundedness by M , and 0 = |g(x n , y n )| → ∞, we obtain g(pr, qs) + g(ps, qr) = lim n→∞ f (x n pr, y n qs) + f (x n qs, y n pr) g(x n , y n ) + lim n→∞ f (x n ps, y n qr) + f (x n qr, y n ps) g(x n , y n ) = lim n→∞ f (x n pr, y n qs) + f (x n ps, y n qr) g(x n , y n ) + f (x n qs, y n pr) + f (x n qr, y n ps) g(x n , y n )
This completes the proof of the theorem.
The following corollary follows from the Theorem 2.2.
for some ≥ 0. Then the function g is bounded or it satisfies the equation (F E) for all p, q, r, s ∈ G if and only if |f (p, q) − g(p, q)| ≤ M for all p, q ∈ G and some nonnegative constant M .
Stability of functional equation (F E gh )
Theorem 3.1. Let f, g, h : G 2 → R and φ : G 2 → R be a nonzero function satisfying |f (pr, qs) + f (ps, qr) − g(p, q)h(r, s)| ≤ φ(r, s) (3.1) for all p, q, r, s ∈ G. If |f (p, q) − g(p, q)| ≤ M for all p, q ∈ G and some constant M , then g is bounded or h satisfies (F E) for all p, q, r, s ∈ G.
Proof. Let g be unbounded. Then we can choose a sequence {(x n , y n ) | n ∈ N} in R 2 such that 0 = |g(x n , y n )| → ∞ as n → ∞.
Letting p = x n and q = y n in (3.1), we have |f (x n r, y n s) + f (x n s, y n r) − g(x n , y n )h(r, s)| ≤ φ(r, s), which is f (x n r, y n s) + f (x n s, y n r) g(x n , y n ) − h(r, s) ≤ φ(r, s) |g(x n , y n )| .
Taking the limit as n → ∞, we obtain h(r, s) = lim n→∞ f (x n r, y n s) + f (x n s, y n r) g(x n , y n ) (3.2)
Letting p = x n p and q = y n q in (3.1), we have f (x n pr, y n qs) + f (x n ps, y n qr) − g(x n p, y n q)h(r, s)| ≤ φ(r, s), which is f (x n pr, y n qs) + f (x n ps, y n qr)
Letting p = x n q and q = y n p in (3.1) and proceeding as above, we have |f (x n qr, y n ps) + f (x n qs, y n pr) − g(x n q, y n p)h(r, s)| ≤ φ(r, s).
From the last inequality (3.4), we obtain f (x n qr, y n ps) + f (x n qs, y n pr)
Using (3.2), (3.3), and (3.5), we obtain h(pr, qs) + h(ps, qr)
This completes the proof. for all p, q, r, s ∈ G. If |f (p, q) − h(p, q)| ≤ M for all p, q ∈ G and some constant M then h is bounded or g satisfies (F E) for all p, q, r, s ∈ G.
Proof. Let h be unbounded. Then we can choose a sequence {(x n , y n ) | n ∈ N} in G 2 such that 0 = |h(x n , y n )| → ∞ as n → ∞.
Proceeding as similar to the derivation of (3.2), we obtain g(p, q) = lim n→∞ f (pr n , qs n ) + f (ps n , qr n ) h(x n , y n ) .
The rest of the proof runs similar to the Theorem 3.1 and we see that g satisfies (F E) for all p, q, r, s ∈ G.
Corollary 3.3. Let f, g, h : G 2 → R be functions satisfying |f (pr, qs) + f (ps, qr) − g(p, q)h(r, s)| ≤ ε for all p, q, r, s ∈ G and for some ≥ 0.
(a) If |f (p, q) − g(p, q)| ≤ M for all p, q ∈ G and some constant M then g is bounded or h satisfies (F E) for all p, q, r, s ∈ G.
(b) If |f (p, q) − h(p, q)| ≤ M for all p, q ∈ G and some constant M then h is
